Energy generation in district heating (DH) systems is usually done in combined heat and power (CHP) units which can efficiently produce both useful heat and electric power. There can also exist heat only boilers, electric heaters, heat pumps and heat storage tanks. The coupling of heat and power generation in the CHP units and the possibility to store heat for later use makes the short-term operation scheduling of such systems quite challenging. Furthermore, big DH systems produce power that is sold in the electricity markets. This makes the operation scheduling problem even more complex as the uncertainty of the electricity prices in the markets should be considered. To make optimal decisions under uncertainty, various mathematical optimization tools were developed, such as stochastic programming and robust optimization. In this paper, an approach based on a Monte Carlo simulation is followed. Initially, a model of DH system short-term operation and power trading is mathematically formulated. Then, this model is used to run a Monte Carlo simulation for a case study system where the values of stochastic parameters are simulated using autoregressive models. Results demonstrate that simulation is fast, taking 300-400 runs to converge. A comparison of two system configurations shows that the use of heat storage increases the daily expected profit by 11%. Finally, the electricity price volatility in this case study is such that mainly two CHP units are operating for most of the time.
INTRODUCTION
District heating (DH) systems can generate both useful heat and power with high efficiency in the combined heat and power (CHP) units. Furthermore, they have the capability to store heat in heat storage accumulators or even consume power to produce heat by means of electric boilers and heat pumps. According to [1] , by the year 2050, district heating should cover 50% of the total heat demand in contrast to 10% which covers today.
Short-term operation scheduling of a district heating system involves decisions regarding units to be operated and cover the heat and power demand during the following period which may range from the following hours to the following few days. The coupling of power and heat production in the CHP units increases the complexity of this scheduling problem. The first studies in the literature considered only CHP units using non-linear deterministic models [2] . In such models the system was considered to have both fixed power and heat loads.
The introduction of competitive electricity markets increased the complexity of the problem and altered the objectives. While previously the CHP operators were trying to minimize the operational costs and cover the power and heat loads under a fixed price scheme, now the target includes among others the profit maximization in the electricity markets [3] . Furthermore, new modelling techniques that help derive optimal decisions under uncertainty have found application in the operation scheduling of power systems in general, and in district heating systems in particular. For example, stochastic programming is used in [4] [5] while robust optimization in [6] .
Monte Carlo simulation [7] is an efficient method to solve problems with stochastic parameters using a deterministic model. Its general approach is based on random sampling of the stochastic parameters. For each sample, the deterministic problem is solved and if enough samples have been used, the solution to the original probabilistic problem is given by the expected value of all solutions. Monte Carlo methods have been previously used in power system unit commitment problems [8] , production cost calculation [9] and security assessment [10] .
In this paper, the Monte Carlo method is used to derive the optimal day-ahead operation scheduling of a DH system which also includes the power traded in the electricity markets. Three types of electricity markets are considered: day-ahead (spot) market, intraday market, and balancing (real-time) market. Electricity market prices and volumes are the stochastic parameters of the problem. As the time series of these parameters present autocorrelation and interdependence, various autoregressive models (SARIMA, ARMAX, AR) are used to simulate them [5, 13] .
The rest of this paper is organized as follows: Section 2 provides the methodology. It starts with a short description of the DH systems and the electricity markets in order to make easier the understanding of the mathematical formulation which follows right after. The section closes with the description of the sample creation procedure. Section 3 is the case study. The short-term operation of a realistic DH system is simulated with the Monte Carlo method and the results are presented. Finally, section 4 concludes the paper.
METHODOLOGY
District heating system overview A DH system consists of CHP units, heat boilers, electric boilers, heat pumps and heat accumulators ( Fig. 1) . CHP units are characterized by the type of turbine they use to produce power. These are: a) back-pressure steam turbines, b) extraction condensing steam turbines, and c) gas turbines. The back-pressure steam turbines operate with a fixed power-to-heat ratio. In some installations, there is the possibility for the steam to bypass the turbine and operate as heat only boiler. The relation between power and heat generation for these two modes can be seen on the right side of Fig. 2 . The gas turbines also operate with a fixed powerto-heat ratio and can be operated as only power generation units. The extraction condensing steam turbines are characterized for their higher flexibility and can be operated in any point of the feasible operation zone described by the grey coloured area in Fig. 2 , the left side. Heat boilers produce only heat and they are usually used as back-up systems of the CHP units. The electric boilers or immersion heaters and the heat pumps are consuming power to produce heat. The difference is that heat pumps need a heat source, such as a lake, and they are much more efficient compared to the electric boilers. Finally, the heat accumulators can store hot water for many hours and with very few losses. This provides a possibility for a DH operator to decouple the heat generation from heat demand.
Electricity markets overview
There are three main trading floors in modern electricity markets. These are the day-ahead, the intraday, and the balancing electricity markets. Responsible for the first two is the market operator (Nord Pool in Nordic and Baltic region [11] ) while for the balancing market responsible is the transmission system operator (TSO, ISO).
The day-ahead, or spot, market is the main trading floor where the majority of power is sold and bought. Power producers and consumers decide on their offering/bidding curves and submit them to the day-ahead market usually until noon the day before the actual power delivery. Then the prices are calculated according to the bids and they are announced to the market players along with power volumes. The long-time interval between market closure and power delivery allows enough time for conventional power plants to start up their units if needed.
The intraday market operates in a similar way to the day-ahead market but trading takes place closer to the power delivery time. This allows producers with non-dispatchable generation (wind power, solar power, etc.) to make better estimation of their actual generation and take actions that reduce the risk of participating in the day-ahead market.
The balancing market acts as a mechanism where TSOs can obtain balancing power offered by dispatchable power producers in order to keep the power system balanced. This is the so called tertiary control. Pricing in the balancing market provides some incentive for power producers to participate. When they have to up-regulate increasing their power output, they will be paid at a price higher to the price in the day-ahead market. On the other hand, if they have to down-regulate, they will buy back the power which was previously sold to the day-ahead market at a lower price.
Mathematical formulation
The mathematical formulation of the problem consists of an objective function (1) and several constraints (2-39) which are grouped in different categories for easier reference. More analytically:
Objective function
The objective function of the problem (1) stands for the profit maximization of a DH system operator. This profit consists of the income of power sold in day-ahead, intraday, and balancing markets, 
( )
The operation of a gas turbine is similar to that of a back-pressure steam turbine in CHP mode. It operates with a fixed power-to-heat ratio (14) . Here the inequality allows for only power generation while heat is wasted. Power generation limits are given by (15) while fuel consumption by (16).
The operation of a heat boiler is described by the heat generation limits (17) and the fuel consumption function (18).
The capacity of an electric boiler is given by (19) while the heat generation is a function of the power consumption (20).
Similarly, heat pump output is limited below and above (21) while the heat generation is the coefficient of performance times the power consumption (22).
minus the cost of power bought from these markets and the cost of operating the units. This last cost includes the variable fuel consumption cost and the costs of starting-up and shutting down the units. An artificial heat shedding cost is added to the objective function to avoid such condition but also to keep the solution feasible. 
Unit operational limits and fuel functions
The feasible operation zone of an extraction condensing steam turbine (Fig. 2 , left side) is defined by constraints (2-5). The fuel consumption function is given by (6) .
There are two operational modes for a backpressure steam turbine, either producing both heat and power or producing only heat. In the first case it operates with a fixed power-to-heat ratio (7) inside its technical limits (8) . In the second case only the heat generation limits are applied (9) . Total heat generation is equal to the sum of heat generation in each mode (10) but the unit can operate in only one mode each period (11) . The fuel consumption function is given by (13) .
The operation of a heat accumulator is defined by its upper and lower heat content limits (23) and the limits of heat flow towards and out of it (24).
Unit commitment constraints (25-26) define the operating status of all units: operating, starting-up, and shutting down.
Minimum on (27) and off time (28) constraints indicate the requirement of the units to stay on or off for some time after they have been shut down or turned on, respectively.
Heat and power output of units can change inside some limits from period to period. These restrictions are defined by the heat (29-30) and power (31-32) ramp constraints.
Energy balance constraints Heat balance constraint (33) defines the balance of heat in the heat storage accumulator: each period the heat content of the storage is equal to the heat content of the previous period reduced due to the losses plus the total heat generation and any heat shedding minus the heat demand. Similarly, power balance constraint (34) defines the power balance between power generation and consumption and the power which is traded in the electricity markets. Limits on trading volumes in the electricity markets These limits are imposed by the electricity markets operation and their characteristics. Total power sold in the markets should not be greater than system capacity (35). Furthermore, liquidity of intraday and balancing markets is limited. Therefore, constraints (36-39) are used to avoid trading big quantities of power in these markets, which would not be applicable.
Stochastic parameter modelling Stochastic parameters in this study consist of electricity prices in day-ahead, intraday, and balancing market and electricity volume traded in intraday and balancing markets. Figure 3 shows the values of the electricity prices in the three markets taken from Nord Pool [11] for three consecutive days. As it can be seen, prices present autocorrelation and interdependence. This is a general characteristic of electricity prices, and the reason why autoregressive models are used for modelling them.
Day-ahead market
Day-ahead electricity prices are modelled with a seasonal autoregressive integrated moving average (SARIMA) model as in [5] . Historical data from the Elspot day-ahead electricity market are used [11] . SARIMA models are suitable for fitting non-stationary data with some degree of seasonality. The general form of SARIMA model is:
where y t is the time series value at period t, φ p (B) and θ q (B) are the autoregressive and moving average functions of the back-shift operator B:B l y t = y t-1 respectively, Φ(B) and Θ(B) are the seasonal autoregressive and moving average functions, respectively, D is the non-seasonal integration degree, s is the order of seasonality, and ε t is a white noise process (error or innovation distribution). Box-Jenkins methodology is used for building a qualitative forecasting model [12] .
The model that is chosen for the day-ahead electricity prices is:
( (41) where y t is the day-ahead electricity price at period t. This model captures the daily pattern of electricity prices having two seasonal autoregressive and moving average parameters with 24 and 48 hours seasonality. Parameter values of the model are given in Table 1 .
Intraday market
An autoregressive moving average with exogenous input (ARMAX) model is used to model intraday electricity prices following a similar approach as in [14] . Furthermore, an autoregressive (AR) model is used for the traded volumes. The exogenous input parameter in the AR-MAX model is the day-ahead electricity prices. It should be noted that the intraday market in Nord Pool is a continuous market. The proposed model is a discrete approximation as it provides one price and one volume for each hour of the day. The model that is chosen for the intraday electricity prices is:
where y t is the intraday electricity price and x t is the day-ahead electricity price at time t. β is the regression component coefficient. The intraday volumes model is: Fig. 3 . Electricity prices in day ahead, intraday, and balancing markets for three consecutive days Table 2 .
Balancing market A method presented in [13] is used to model the balancing market prices and volumes. This method uses a combination of an AR model and a Markov state switching model. The AR model is used to model the values of market premiums (premium is the difference between the price in the balancing market and the price in the day-ahead market for the same period) while the Markov model is used to model the state transition of the prices. There are four states: (1) no balancing prices are defined at time t, (2) only up regulation price is defined at time t, (3) only down regulation price is defined at time t, and (4) both up and down regulation prices are defined at time t. Furthermore, the up regulation price is always greater than the day-ahead price for the same hour and the opposite is for the down regulation price. A similar approach is used for the volumes.
The corresponding AR models for balancing market up regulation premiums and volumes are:
while for down regulation premiums and volumes are:
Parameter values of the four models are given in Table 3 .
Sample creation procedure
The procedure to create a sample set of prices and volumes has 5 steps:
1. SARIMA model (41) is used to create 24 hourly prices in the day-ahead market for the following day.
2. Using day-ahead prices from the previous step and the ARMAX model (42), 24 hourly prices in the intraday market are created.
3. Using the AR model (43), 24 power volumes which are traded in the intraday market are created.
4. With the help of the Markov state model, 24 balancing market states are simulated for the next day.
5. The AR models (44-47) in combination with the balancing market states of the previous step are used to generate 24 premiums and volumes for up regulation and 24 premiums and volumes for down regulation in the balancing market. The premiums are then added to the day-ahead prices from step 1 to create the up and down regulation prices.
CASE STUDY
A case study is performed to test the performance of the proposed method. A DH system is considered which consists of 32 units. The type of each unit and their parameters are given in Table 4 . BP stands for back-pressure, EC for extraction condensing, GT for gas turbine, HB for heat boiler, EB for electric boiler, and HP for heat pump. When there is no value, it means that the specific parameter is not applicable to that type of unit. Two different system configurations are considered, one without any heat storage and one with 500 MWh th heat storage capacity. For each one of the two configurations a Monte Carlo simulation is conducted considering a maximum number of 3000 sample sets. That means the model is solved 6000 times in total for both configurations. Results are shown in Table 5 for the first configuration and Table 6 for the second. Results are presented for various sizes of the sample set, starting from 1 sample set and going up to 3000. Mean simulation time and the minimum, maximum, average and standard deviation values of the objective function are provided.
In a Monte Carlo simulation the optimal solution is considered to have been reached when the average value and standard deviation have been stabilized. If this does not happen, then the simulation continues with more samples. In this case, as it can be seen in Fig. 4 , for the first system configuration, this happens after approximately 400 sample sets. Considering also the low mean simulation time, it can be said that the method is quite fast.
Comparing results in Tables 5 and 6 , there is an increase of the mean profit by approximately 11%, when a heat storage is used. The daily profit distribution for the first configuration system is shown in Fig. 5 . It should be clarified that this Finally, Fig. 6 shows the share of power and heat generation among the units of the system. The electricity price values and volatility are such that only unit 1 and unit 2 share almost the total generation. These units have the lower fuel cost as seen in Table 4 .
CONCLUSIONS
This paper provides the mathematical formulation of the DH system short-term operation scheduling problem. The model is used in a Monte Carlo simulation where the stochastic parameters of electricity prices and volumes are modelled with the help of autoregressive models. The case study shows that the method is quite fast. Furthermore, as it is expected, the use of heat storage increases the expected profit. 
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